Abstract. In this paper we study the property of geometric equivalence of groups introduced by B. Plotkin [P1, P2]. Sufficient and necessary conditions are presented for π-torsion-free nilpotent group to be geometrically equivalent to its π-completion. We prove that a relatively free nilpotent π-torsionfree group and its π-completion define the same quasi-variety. Examples of π-torsion-free nilpotent groups that are geometrically equivalent to their π-completions are given.
Introduction
I attended Professor Plotkin's lectures about 45 years ago as a student at the University of Latvia. Over the years, I participated in Plotkin's seminars on group theory in Latvia and Israel. I am grateful to Boris Isaakovich Plotkin for revealing to me the world of group theory in all its diversity. The problems posed by Plotkin at seminars and in his numerous papers have always been interesting to me. I would like to wish my teacher further creative success in Algebra in the next 30 years.
The foundation of universal algebraic geometry for different algebraic systems were laid by B. Plotkin [P1, P2, P3] . Within the framework of universal algebraic geometry (UAG), the important notion of geometric equivalence of universal algebras was introduced in [P1, P2] . Geometric equivalence of two algebras means, in some sense, equal possibilities for solving systems of equations in these algebras.
Algebraic geometry over groups was considered together with B.Plotkin by G. Baumslag, A. Miasnikov, V. Remeslennikov [B1, B2] and others.
In [P3] B. Plotkin posed a question: Under what conditions is a nilpotent torsion-free group geometrically equivalent to its Mal'tsev's completion? Sufficient conditions for this equivalence were presented in [T] . A criterion for a nilpotent torsion-free group to be geometrically equivalent to its Mal'tsev's completion was given by V. Bludov and B. Guskov [BG] . Based on this criterion, they also provided an example of a torsion-free three-step nilpotent group that is not geometrically equivalent to its Mal'tsev's completion.
There exists a natural generalization of the concept of a torsion-free group (see [L1] ). Let π be a (non empty) set of primes. An integer is said to be a π-number if it is a product of powers of primes from π. A group G is π-divisible if any equation of the form x n = a, where a ∈ G and n is a π-number, has a solution in G. Group G is π-torsion-free if any equation of the form x n = 1, where n is a π-number, has only the trivial solution in G. By definition, a π-divisible π-torsionfree group is called π-complete. It is known that every π-torsion-free nilpotent group G can be embedded as a subgroup into a π-complete nilpotent group (see [Kh1] ). The minimal π-complete nilpotent group containing the group G is called the π-completion of G. If π consists of all primes, the π-completion of group G coincides with its Mal'tsev's completion.
Here we study the problem related to geometric equivalence of a nilpotent π-torsion-free group to its π-completion. We give necessary and sufficient conditions for this geometric equivalence. The proof of this criterion uses the theory of π-isolators of groups, as well as the approach proposed by V. Bludov and B. Guskov, to study the problem of geometric equivalence of a torsion-free nilpotent group to its Mal'tsev's completion. Based on this criterion we prove that a relatively free nilpotent π-torsion-free group is geometrically equivalent to its π-completion. If π is the set of all primes, this result has already been proven by A. Tsurkov in [T] .
In [BG] it was proven that every torsion-free two-step nilpotent group is geometrically equivalent to its Mal'tsev's completion. This result corresponds to the case when π is the set of all prime numbers. If π is a set of primes, the situation becomes more complicated and requires additional consideration. We prove that if G is a finitely generated π-torsion-free two-step nilpotent group such that the group G/I π (G ′ ) is torsion free, then G is geometrically equivalent to its π-completion. This assertion implies the above result on the geometric equivalence of an arbitrary two-step nilpotent torsion-free group to its Mal'tsev's completion.
The question of the geometric equivalence of an arbitrary π-torsion-free twostep nilpotent group to its π-completion remains open.
Preliminaries
2.1. Geometric equivalence of groups. Let us recall the main definitions from [P1] .
Let F = F (X) be a free group generated by a finite set X and G be a group. The set Hom(F, G) of all homomorphisms from F to G can be treated as an affine space. It is possible to define a Galois correspondence ′ between subsets in Hom(F, G) and [P2] ). Two groups G 1 and G 2 are called geometrically equivalent if for any free group F = F (X) of finite rank and for any subset T ⊆ F
In other words, the groups G 1 and G 2 are geometrically equivalent if and only if every G 1 -closed subset of the group F is G 2 -closed and vice versa. Note that the collection of all G-closed sets of the group F defines the Zariski topology on it. Therefore, the groups G 1 and G 2 are geometrically equivalent if and only if they define the same Zariski topology on F .
Proposition 2.3 ( [P1] ). Groups G 1 and G 2 are geometrically equivalent if and only if every finitely generated subgroup of G 1 can be approximated by subgroups of G 2 and vice versa.
Definition 2.4 ( [BG] , [T] ). Let H and G be groups and F = F (X) be any free group finitely generated by X. If every H-closed subset of F is G-closed, we say that the topology defined by H is weaker than the topology defined by G and write H G.
The relation is a preorder on the class of groups. This preorder defines an order relation on classes of geometrically equivalent groups.
Proposition 2.5 ( [BG] , [T] ). H G if and only if any finitely generated subgroup of the group H can be approximated by subgroups of G.
Proposition 2.6 ( [BG] , [T] ). H G for any subgroup H of G.
It is clear that if for groups G 1 and G 2 the conditions G 1 G 2 and G 2 G 1 hold, then they are geometrically equivalent.
2.2. π-completion of a π-torsion-free nilpotent group. Let π be a (non empty) set of primes. An integer is said to be a π-number if it is a product of powers of primes from π. For a subgroup H of a group G, the π-isolator I π (H) of H in G is defined as follows:
If π is the set of all prime numbers, the π-isolator of H in G is denoted by I(H) and is called the isolator of H in G.
Proposition 2.7 (see [Kh1] , [LR] ). If H is a subgroup of a nilpotent group G and π is a set of prime numbers, then I π (H) is a subgroup.
A group G is π-divisible if for every π-number n, every element g ∈ G has an nth root of g in G, i.e., there exists an element h ∈ G such that h n = g. A group is π-torsion-free if it has no non-identity element whose order is π-number, i.e., I π (1) = 1. A π-divisible π-torsion-free group is said to be π-complete.
Let Q π be the ring of all rational numbers whose denominators are π-numbers and G be a π-divisible π-torsion-free group. An unary operation on G can be defined by taking powers in Q π satisfying the laws (x r ) s = x rs for all r, s ∈ Q π . The group G with this additional unary operation is called a Q π -powered group.
Theorem 2.8 ( [Kh1] ). (a) Every π-torsion-free nilpotent group G of class c can be embedded as a subgroup in the Q π -powered nilpotent group G π of the same class c such that G π = I π (G), i.e., for any element g ∈ G π there exists a π-number m such that g m ∈ G. (b) The group G π is unique up to isomorphism; moreover every isomorphism
The group G π is the minimal π-complete group containing G and it is called the π-completion of G.
From here on we consider Q π -powered group G π as a π-torsion-free π-divisible abstract group, i.e., as the group with respect to only the usual group operations. In the special case, where π consists of all primes, then Q π = Q, the property of being π-complete coincides with the property of being complete. In this case, the π-completion G π of the group G coincides with the Mal'tsev completion G of G (see [M] ).
Definition 2.9. Let G be a group and H ≤ G be a subgroup of G. Denote by H m the subgroup of G generated by mth powers of elements from H.
The subgroup H m is a verbal subgroup of G defined by the word x m . We also need the following lemma, given by A. Mal'tsev [M] . The initial proof of this lemma is based on the theory of Lie groups. The proof of this lemma in the framework of group theory (without Lie context) was given by A. Klyachko (Lemma 2.2, in [K] ). See also the proof of Lemma 1.2 in [BG] .
Lemma 2.10 ( [M] ). Let G be a nilpotent group of nilpotency class k. Fix a natural number n and denote by G n k a subgroup of G generated by all elements of the form g n k , g ∈ G. Then the equation x n = h has a solution in the group G for each h ∈ G n k .
3. π-torsion-free nilpotent groups 3.1. Geometric equivalence of π-torsion-free nilpotent groups to their π-completions. Let π be a set of primes. Now we consider some examples of π-torsion-free nilpotent groups for which we can describe their π-completions.
Example 3.1. Let H be a finitely generated π-torsion-free abelian group. We wish to describe the structure of the group H π . It is well known (see, e.g., [Kr] , Ch.6, Sec.20) that the group H is the finite direct product of cyclic π-torsion-free groups, i.e., there exist integers s, k ≥ 0 and prime numbers p 1 ≤ · · · ≤ p k together with positive integers α 1 , . . . α r such that
Denote by Q + π the additive group of the ring Q π . It is clear, that π-completion Z π of Z is equal to Q + π . If G is a p-group, where p / ∈ π, then for every element g ∈ G and m ∈ π there exists an mth root of g. In fact, the mapping g → g m is an automorphism of the cyclic subgroup < g >. Therefore, every group Z/p αi i Z, p i / ∈ π, is π-complete. It is easy to check that if a group A is π-torsion-free nilpotent such
As a consequence, we obtain
Denote by T the torsion group of H and by T π its π-completion. It is clear that T π = T , i.e., the group T is π-complete. Now we wish to select another class of π-complete nilpotent groups.
Example 3.2. Let G be a π-torsion-free nilpotent group such that the quotient group G/G ′ is finite. We will show that the group G is π-complete. Since the group G is nilpotent and G/G ′ is finite, G is finite (see [W] , Sec.3, p.9). Therefore, the group G is the direct product of its Sylow subgroups:
As a consequence, the group G(p i ) is π-complete. Hence, the group G, as the direct product of π-complete groups, is π-complete too.
Our goal is to provide a criterion for nilpotent π-torsion-free groups to be geometrically equivalent to their π-completions. For that purpose we need the result from ( [LR] Ch. 2, Sec. 3) that was established by A. Mal'tsev ( [M] ) in the case when π is the set of all prime numbers.
Lemma 3.3. Let G be a finitely generated nilpotent group, g 1 , . . . , g n be a set of generators of G, and H be a subgroup of G. Suppose that g ri i ∈ H for some positive π-numbers r i , i = 1, . . . , n. Then each element of G has a positive π-power in H and | G : H | is a finite π-number.
We shell need the following lemma Lemma 3.4. Let G be a nilpotent π-torsion-free group and G π be its π-completion. Then for any finitely generated subgroup H of G π there exists a π-number r = r(G) such that H r ≤ G.
Proof. Let the group H be generated by h 1 , . . . , h n . Then there are π-numbers r i such that h ri i ∈ G. Denote by D the subgroup of H generated by h r1 1 , . . . , h rn n . The group D is a subnormal subgroup of H, i.e., there is a normal series
By Lemma 3.3, the index | H : D | is a π-number. Therefore, each factor in this series has an index that is a π-number. If r n−1 is the order of the quotient group H/D n−1 , then H rn−1 ≤ D n−1 . By induction, it is easy to prove that there exists a sequence of π-numbers r 1 , . . . , r n−1 such that H r ≤ D, where r = r 1 · · · r n−1 . Since D is a subgroup of G, this completes the proof. Now we derive a criterion of geometric equivalence of a π-torsion-free nilpotent group to its π-completion.
Theorem 3.5. Let G be a π-torsion-free nilpotent group and G π be its π-completion. Then groups G and G π are geometrically equivalent if and only if the group G is geometrically equivalent to subgroups G m for every π-number m.
Proof. Our argument goes along the lines of Theorem 3.1 in [BG] but we add new assertions related to π-torsion in nilpotent groups.
Let the groups G and G π be geometrically equivalent. Let us show that then groups G and G m are also geometrically equivalent for any π-number m. i , where G i , i ∈ I, are isomorphic copies of the group G. Let ϕ i , i ∈ I, are the coordinate functions of ϕ, i.e., ϕ = (ϕ i ) i∈I .
It is clear that H
By Theorem 2.8, the mapping ϕ can be extended to the embeddingφ :
) i∈I . By Lemma 2.10, the equation x r = ϕ i (h j r ) has a solution in G i . Since G i is a π-torsion-free group, ϕ i (h j ) ∈ G i . Therefore, the mappingφ is an embedding of H into a cartesian power of the group G. Hence, G π G. As a consequence, the groups G π and G are geometrically equivalent.
Corollary 3.6. Let G be a π-torsion-free nilpotent group. If every finitely generated subgroup H of G is geometrically equivalent to its π-completion H π , then the groups G and G π are geometrically equivalent.
Proof. The groups H and H π are geometrically equivalent. Therefore, by Theorem 3.5, H and H m are geometrically equivalent for every π-number m. As a consequence, H H m . By Proposition 2.5, there exists an embedding µ : H → i∈I H m i , where H i , i ∈ I, are isomorphic copies of the group H. The mapping µ can be extended to the embeddingμ : H → i∈I G m i , where G i , i ∈ I, are isomorphic copies of the group G. Therefore, G G m . Since G m G, the groups G and G m are geometrically equivalent. By Theorem 3.5, the group G is geometrically equivalent to its π-completion G π .
Corollary 3.7. Let G be a π-torsion-free abelian group. Then G is geometrically equivalent to its π-completion G π .
Proof. Let H be a finitely generated subgroup of G. According to Example 3.1, the groups H π and H are geometrically equivalent. By Corollary 3.6, the group G is geometrically equivalent to its π-completion. Now we give other examples of π-torsion-free nilpotent groups which are geometrically equivalent to their π-completions G
π . In what follows, we use the following Dick's Theorem (cf. [Kr] , Ch.5, Sec.18) Theorem 3.8. Let a group G be represented as follows
Suppose that a group D contains a set {d i , i ∈ I} such that r j (d j1 , . . . , d js ) = 1 holds in D for every j ∈ J. Then the map x i → d i , i ∈ I extends to a homomorphism of G onto D.
We also need the following claim Proposition 3.9 (see [Kh2] ). Let H be a π-torsion-free nilpotent group. If x n · y m = y m · x n , where x, y ∈ H and m, n are π-numbers, then x · y = y · x.
Now we are ready to prove
Proposition 3.10. Let G be a finitely generated π-torsion-free two step nilpotent group such that the group G/I π (G ′ ) is torsion-free. Then G is geometrically equivalent to its π-completion G π .
Proof. First, let us show that
Since G is a finitely generated nilpotent group, the subgroup I π (G ′ ) is an abelian finitely generated group.
Let us choose a basisḡ 1 , . . . ,ḡ s in the abelian group G/I π (G ′ ). Denote by g 1 , . . . , g s the preimages of these elements in the group G. Now choose a basis c 1 , . . . , c k in the abelian group I π (G ′ ). By definition, there are π-numbers p i , i = 1, . . . k, such that c pi i ∈ G ′ . The group G is generated by elements g 1 , . . . , g s , c 1 , . . . , c k . Let (3.2) R(g 1 , . . . , g s , c 1 , . . . , c k ) = 1 be a relation in the group G. Using the collection process in the group G (see ,e.g., [LR] , Ch.2, Sec.2), the relation (3.2) can be rewritten as follows
In the group G/I π (G ′ ) the relation (3.3) has the form
Raising the relation (3.4) to the power p, we have
Since G is a π-torsion-free group, the relation (3.5) is equivalent to (3.4). Since
As a consequence, the relation (3.5) is equivalent to
Note, that elements c pti i
from (3.6) belong to G ′ .
For a π-number m consider the map ϕ : G → G m given by the rules:
2 , the relation (3.6) has the following form
Since the group G is π-torsion-free, the relation (3.7) is equivalent to the relation (3.6), and, as a consequence, to the relation (3.2). By Dick's Theorem, the mapping ϕ can be extended to a homomorphism of G into G m . Since G is a π-torsion-free group, this homomorphism is a monomorphism G into G m . Therefore, G G m . By Theorem 3.5, G is geometrically equivalent to G π .
Corollary 3.11 ( [BG] ). Let G be a torsion-free two-step nilpotent group. Then G is geometrically equivalent to its Mal'tsev's completion G.
Proof. Let H be a finitely generated subgroup of G. The group H/I(H ′ ) is torsion-free. By Proposition 3.10, the group G is geometrically equivalent to its Mal'tsev's completion G.
Example 3.12. Let H 3 (Z) be the Heisenberg group generated by elements x, y, z with the defining relations zx = xz, yz = zy, [x, y] = z. Elements of H 3 (Z) are all formal expressions of the form x l y s z n , where l, m, n ∈ Z. The group H 3 (Z) is torsion-free two-step nilpotent. The commutator H 3 (Z)
′ is generated by the element z. The group
′ is a free abelian one generated by the elements x and y. By Corollary 3.11, the group H 3 (Z) is geometrically equivalent to its Mal'tsev's completion H 3 (Z).
Example 3.13. Let G be a group generated by elements a, b, c with the defining relations ca = ac, cb = bc, [a, b] = c 2 , c 4 = 1. Elements of G are all formal expressions of the form a l b s c n , where l, m, ∈ Z and n ∈ Z 3 . The group G is two step nilpotent π-torsion-free, where π is the set of all prime numbers without 2. The commutator
is a free abelian one generated by the elements a and b. By Proposition 3.10, the group G is geometrically equivalent to G π .
The following question arises: Is it true that every π-torsion-free two step nilpotent group is geometrically equivalent to its π-completion? 3.2. Geometric equivalence of a relatively free nilpotent π-torsionfree group to its π-completion. It was proved by A Tsurkov in [T] that a torsion-free nilpotent relatively free group is geometrically equivalent to its Mal'tsev's completion. His proof is based on the Mal'tsev correspondence technique between nilpotent Q-powered groups and nilpotent Lie algebras over Q as well as on the Lazard correspondence between groups with a central filtration and Lie rings.
Our goal is to extend Tsurkov's result to the class of relatively free nilpotent π-torsion-free groups. We prove that a relatively free nilpotent π-torsion-free group is geometrically equivalent to its π-completion. Note that, there is no good correspondence between nilpotent Q π -powered groups and Lie Q π -algebras (see [Kh1] ). For this reason, here we use the technique related to the theory of isolators in groups. In the proof of this result we also apply the criterion for a π-torsion-free nilpotent group to be geometrically equivalent to its π-completion (see Theorem 3.5).
The method of associating a Lie ring to a group was studied in detail by M. Lazard [L2] (see also [B] ).
Let G be a group. Consider the lower central series of G:
Let π be a set of primes. Denote by G i = I π (γ i (G)) the π-isolator the group γ i (G) in G. Note that the group G i = I π (γ i (G)) is a subgroup of G, since it coincides with the preimage of the π-isolator of the identity subgroup of the nilpotent groups G/γ i (G) (see Theorem 2.7). Therefore, we have a normal series:
Lemma 3.14 (see [Kh1] ). For any group G and any natural numbers i, j the following holds
Now consider the additive abelian group
Since {G i |i = 1, . . . } is a central filtration of G, then we can define the structure of the Lie ring on the additive group L π (G):
We obtain the Lie ring L π (G) of the group G corresponding to the central filtration (3.8). It is clear that the additive group of the ring L π (G) is π-torsion-free. Let F n = F n (X) be a relatively free n-step nilpotent group generated by X. A group G = F n /H, where H is a π-isolated verbal subgroup of F n , is relatively free n-step nilpotent π-torsion-free. Note that if T is a verbal subgroup of F n , then the π-isolator I π (T ) is a π-isolated verbal subgroup of F n .
The main aim of this section is to prove the following Theorem 3.15. Let G be a relatively free nilpotent π-torsion-free group. Then G is geometrically equivalent to its π-completion G π .
Proof. By Theorem 3.5, it suffices to prove that the group G is geometrically equivalent to the subgroups G m for every π-number m. Let (x i ) i∈I , I ⊆ N, be free generators of the group G. Consider the map ϕ :
where m is a π-number. Since G is a relatively free group, the map ϕ can be extended to the endomorphism of G. This endomorphism is also denoted by ϕ. Let us show that Ker ϕ = 0.
To this end we consider the Lie ring
, where n is the nilpotency class of G. Since ϕ(γ i (G)) ≤ γ i (G), we have ϕ(G i ) ≤ G i . Therefore, the endomorphism ϕ : G → G induces the endomorphismφ : L π (G) → L π (G) of the ring L π (G) such thatφ(g i G i+1 ) = ϕ(g i )G i+1 for g i ∈ G i . Let us writeφ = (φ i ) i∈J , whereφ i , i ∈ J = {1, . . . , n − 1}, are the coordinate functions ofφ. We first prove that Kerφ = 0. Letḡ = (ḡ i ) i∈J , whereḡ i = g i G i+1 , belongs to Kerφ. Since g i ∈ G i = I π (γ i (G)), there exists π-number s i such that g si i ∈ γ i (G). In L π (G) we obtain
where v i k = v i k (x t1 , . . . , x tr ) are simple commutators in x t1 , . . . , x tr of the length i. Without loss of generality, we assume that s i g i / ∈ G i+1 . We obtain in L π (G)
i.e., s iḡi = Now we prove that Ker ϕ = 0. Let ϕ(h) = 0 for some h ∈ G i \ G i+1 . Since ϕ(h) = 0, we haveφ(h) = 0, i.e., h ∈ G i+1 . This contradiction proves desired.
As a consequence, we obtain that ϕ is a monomorphism G into G m . Therefore, G G m for every π-number m. It is clear that G m G. Hence, G is geometrically equivalent to G m for each π-number m. By Theorem 3.5, the group G is geometrically equivalent to its π-completion G π .
In the special case, that π consists of all primes, we obtain Corollary 3.16 ( [T] ). A relatively free nilpotent torsion-free group is geometrically equivalent to its Mal'tsev's completion.
It is known (see [P4] , [MR] ) that two nilpotent groups of the same nilpotency class are geometrically equivalent if and only if they have the same quasiidentities. By Theorem 3.15, we obtain Corollary 3.17. A relatively free nilpotent π-torsion-free group and its π-completion define the same quasi-variety.
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